On the basis of the Froggatt-Nielsen mechanism, we study quark flavor mixings in the SU (6) × SU (2) R model. The characteristic structure of the CKM matrix is attributed to the hierarchical effective Yukawa couplings due to the FroggattNielsen mechanism and also to the state-mixings beyond the MSSM. We elucidate the detailed form of the CKM matrix elements and find interesting relations between the CP violating phase and three mixing angles. Taking the existing data of three mixing angles, we estimate the quark CP -phase at δ = (75 ± 3) • . This result is in accord with observations. *
I. Introduction
One of theoretically challenging issues is to understand characteristic features of quark mass patterns and the CKM-mixing matrix [1] . It seems that the important key to this issue is the state-mixing between quarks and extra particles beyond the minimal supersymmetric standard model(MSSM). In fact, it was shown in the context of SU(6)×SU(2) R string-inspired model, which contains massless particles beyond the MSSM, that we were able to explain characteristic patterns of the observed mass spectra and mixing matrices of quarks and leptons [2, 3, 4, 5, 6 ]. In the model the Froggatt-Nielsen (F-N) mechanism [7] plays an important role. It is noticeable that doublet Higgs and color-triplet Higgs fields belong to different representations of SU(6) × SU(2) R . This situation is favorable to solve the triplet-doublet splitting problem. In addition, the longevity of the proton can be guaranteed under appropriate flavor symmetries [2] . In this paper we focus our attention on the detailed form of the CKM matrix elements in the above-mentioned model. It has been shown that in the model the hierarchical pattern of three mixing angles can be understood systematically [4] . We shed light on relations between the CP violating phase and three mixing angles in this paper.
In the present model, it is assumed that the hierarchical structure of fermion mass matrices is attributed to the F-N factors coming from the F-N mechanism. In the previous work [8] , we derived the typical relations among CKM matrix elements
|V td | = |V us V cb |.
The CKM-matrix is defined as 
in the standard representation of Particle Data Group(PDG) [9] . Due to unitarity condition on V CKM , Eqs. (1) and (2) 
respectively. These results are incompatible with each other. However, the relations (2) and (3) are derived in the leading approximation. So, we need to accomplish more accurate calculation in order to discuss the quark CP-phase. For this reason, in this paper we carry out the analysis up to the next-to-leading approximation in the F-N scheme, which allows us to find more accurate relations among the CKM-matrix elements. For example, we obtain
which yields an attractive relation between the CP-phase and three mixing angles. Using these relations, we are able to estimate the quark CP-phase without relying on a specific flavor symmetry. This paper is organized as follows. In Sec. II we briefly explain Yukawa couplings in the SU(6) × SU(2) R model together with the F-N mechanism. Solving the eigenvalue problem for the mass matrices of the up-type and down-type quark sectors, we derive the diagonalization matrices. In Sec. III the detailed form of the CKM matrix is presented and interesting equations among the CKM-matrix elements are found. In Sec.IV it is shown that these yield attractive interrelations between the quark CP-phase and three mixing angles . Taking the existing data of three mixing angles, we estimate the quark CP-phase at δ = (75 ± 3)
• , which is in accord with the current data of δ. Section V is devoted to summary.
II. Yukawa couplings and F-N mechanism
Here we briefly summarize the parts of the model which are relevant to our analysis. For a more complete discussion, see Refs. [2, 3, 4, 5, 6, 8] . In this model the unification gauge symmetry is assumed to be SU(6)×SU(2) R at the underlying string scale M S . The gauge group G = SU(6) × SU(2) R is a subgroup of E 6 . Within the framework of E 6 we assign three families and one vector-like multiplet to matter superfields, i.e.,
The superfields Φ are decomposed into two multiplets of G as 
We assign odd (even) R-parity to superfields Φ 1,2,3 (Φ 0 and Φ). Since ordinary Higgs doublets have even R-parity, they are contained in Φ 0 . It is assumed that R-parity remains unbroken down to the electroweak scale. The gauge symmetry G gets spontaneously broken in two steps at the scales S 0 = S and
where SU (4) Under the SU(4) PS × SU(2) L × SU(2) R the chiral superfields φ(15, 1) and ψ(6, 2) are decomposed as (15, 1) = (4, 2, 1) + (6, 1, 1) + (1, 1, 1),
From the viewpoint of the string unification theory, it is probable that the hierarchical structure of Yukawa couplings is attributed to some kind of flavor symmetries at the string scale M S . If the flavor symmetry contains Abelian groups, the F-N mechanism works for the interactions among quarks, leptons and Higgs fields. The superpotential at the string scale is governed by the flavor symmetry as well as the gauge symmetry G. Aside from the flavor symmetry, we have two types of gauge invariant trilinear combinations
They must be multiplied by additional G-invariant factors suppressed by powers of 1/M S to form flavor symmetric terms. Namely, the couplings arise from the nonrenormalizable terms controlled by the flavor symmetry [2, 11, 12] . We first consider the effective Yukawa couplings of up-type quark sector, which are given by
Due to the F-N mechanism, the dimensionless matrix M takes the form
Our basic assumption is that the hierarchical structure of all 3 × 3 mass matrices is attributed to the F-N factors Γ 1 and/or Γ 2 . Hence, hierarchy of M ij stems only from Γ 1 and Γ 2 , and the dimensionless matrix M contains no hierarchical structure. Here we put a factor f M in order to set det M = 1. It means that all the elements of M are O(1). The F-N factors Γ 1 and Γ 2 are described as
with the hierarchy
To be specific, we take the F-N factors like
The mass matrix M is diagonalized via biunitary transformation as
with v u0 = H u0 . According to the standard procedure for diagonalizing MM † , we obtain mass eigenvalues
where
where w
are expressed as
Here N 
Note that x 2(β 1 −β 2 ) , x 2α 2 and x 2β 2 are O(λ 4 ) or less than O(λ 4 ). The normalization factors are given by
and we have the relation
We next proceed to study the effective Yukawa couplings of down-type quark sector, which are of the form
where Z = f Z Γ 1 ZΓ 1 and det Z = 1. It is assumed that there is no hierarchical structure in Z. The mass matrix of down-quark sector is given by the 6 × 6 matrix
where 
d means the heavy modes with the GUT scale masses. To solve the eigenvalue problem, we deal with M d M † d , which are expressed as
with the notation
and
where V d is unitary within O(ǫ d ) as seen in Eq. (24). It turns out that down-type quark masses are
Here we use the notations z ij = (Z) ij , z ij = ∆(Z) * ij and
The diagonalization matrix V d is expressed as
with
Here the phase factors are so taken that the diagonal elements of V d are real. Each element of V d is of the form
The normalization factors become
III. The CKM matrix
In the present framework the CKM matrix is given by
and each element of V CKM becomes
Using approximate analytic expressions of w (u) and w (d) given in the preceding section, we are in a position to exhibit each element of V CKM explicitly. Thus V us and V cd are expressed as
) is hold in the present phase convention, in which the diagonal elements of V u and V d are chosen to be real. Also the other elements are given as
where x α 2 ∼ λ 2 . These equations yield the relation
with p = O(1), which is free from the phase convention. From the unitarity condition on V CKM Eq.(39) can be rewritten as
Further we obtain
where x α 1 ∼ λ 3 and x 3α 1 −2α 2 ∼ λ 5 . In the above equation (42) the element V ub is rather small compared to the element V td due to the cancellation of leading term. The above expression of V td leads us to the relation
with q = O(1).
IV. The Quark CP-phase
Here we pay attention to Eqs. (39) and (43), which yield interesting relations between the CP-phase and three mixing angles. It has been shown that in the present model the hierarchical magnitude of three mixing angles can be understood systematically [4] . The recent values of the CKM matrix elements have been summarized by PDG [9] as |V ts | = 0.0405 ± 0.0012, |V cb | = 0.0414 ± 0.0012,
|V td | = 0.00886 ± 0.00033.
As seen in Eq. (4), the values of |V ts | and |V cb | are mainly determined by s 23 due to the hierarchical structure of the mixing angles. So it is noted that the double-sign in them corresponds in the same order. Then, with the aid of these data the relations (39) and (43) lead to p = 3.0 ± 0.6,
which are consistent with p, q = O(1). The relation (40) is also in good agreement with the data. These results are in support of the present analyses up to the next-to-leading approximation in the F-N scheme.
In the standard representation of PDG [9] 
Substituting the experimental values of the three mixing angles and q = −1.9 ± 0.4 to Eq.(49), we obtain cos δ = 0.32 ± 0.03. Note that the uncertainty of cos δ obtained here is rather small compared with that (cos δ = 0.32 ± 0.11) determined directly from |V td | = s 12 s 23 − c 12 c 23 s 13 e i δ .
Within 2σ there is no discrepancy in the above two values of cos δ. Consequently, we conclude with cos δ = 0.26 ± 0.05 and δ = (75 ± 3)
• in this analysis. The current experimental data show that γ = (68 ± 8)
• [9] , where
In addition, the recent avaraged value is γ = (73
• [13] . So our result is consistent with the data.
V. Summary
In the present model, the characteristic structure of the CKM matrix is attributed to the hierarchical effective Yukawa couplings due to the Froggatt-Nielsen mechanism and also to the state-mixings beyond the MSSM. The D c -g c mixings as well as generation mixings take place in the down-type quark sector . On the other hand, in the up-type quark sector we have no such mixings. These differences cause the nontrivial structure in CKM matrix. Specifically, the down-type mass matrix is described in terms of M and Z matrices in contrast with the up-type mass matrix of M itself. As a result, all off-diagonal elements of the CKM matrix are expressed as the products of M and Z elements. In the D c -g c mixings, since D c and g c are both SU(2) L -singlets, the disparity between the diagonalization matrices for up-type quarks and down-type quarks in SU(2) L -doublets is rather small. Accordingly, V CKM exhibits small mixing. In this study we have found interesting relations between the CP-phase and three mixing angles without relying on a specific flavor symmetry. Taking the current data of three mixing angles, we estimate the quark CP-phase at δ = (75 ± 3)
• . This result is in accord with the current data of δ.
The relations between the CP-phase and three mixing angles stem from the fact that the CKM matrix comprises only two matrices M and Z. This is because all matter fields belong to either of (15, 1) or (6, 2) representations in the gauge group SU(6) × SU(2) R . If the gauge group is chosen to be smaller than the above group, the number of irreducible representations for matter fields becomes larger than two. In such a case, there appear more parameters and hence we have no interesting relations between the CP-phase and three mixing angles. We expect that the present model gives a comprehensive explanation of fermion mass spectra and mixing matrices together with the longevity of the proton and gauge coupling unification [2, 3, 4, 5, 6] .
Finally, we touch upon the study of the the MNS matrix [14] . The observed features of the MNS matrix differ considerably from those of the CKM matrix. In the present model the L-H d mixings occur in the lepton sector. Since L and H d are both SU(2) Ldoublets, there appears no disparity between the diagonalization matrices for charged leptons and neutrinos unless the seesaw mechanism does not take place. As a matter of fact, however, the seesaw mechanism is at work and an additional transformation is required to diagonalize the neutrino mass matrix. This additional transformation matrix yields nontrivial V MNS . The seesaw mechanism brings about the cancellation of the F-N factors in the neutrino mass matrix [6, 8] . As a consequence, there is no hierarchical structure in neutrino mass matrix and eventually V MNS exhibits large mixing. It does not seem that the MNS matrix elements are connected to the CKM matrix elements in an uncomplicated way. For this reason it is difficult for us to find a simple interrelation among the quark CP-phase and the leptonic CP-phase.
